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CHAPTER X

FORMULAS AND TABLES
FOR THE PROGRESSIVE CNOIDAL WAVE ON ARBITRARY DEPTH

ABSTRACTS

In this chapter the final formulas for the cnoidal waves on
arbitrary depth of chapter IX is given. The most important formulas
are tabulated. A numerical example shows the use of the table and

the formulas,

INTRODUCTION

Some of the formulas found in chapter IX may be a little dif-
ficult to use in practice, because they involve elliptic functions.
So they are tabulated, This is of special importance for the energy
transport, which is needed for the calculation of shoaling.

For the engineer it may not be of so big interest to know how
to develope a wave theory and how to find the formulas. It is mainly
of interest that the formulas given are correct. In an appendix we
show that eqs. D1 - D19 for the deep water cnoidal wave are correct
second order expressions,

Egs. M - F20 describe the general situation. Eqs. D4 - D19
give the same formulas for the more simple case with infinite deep

water. The other extreme of the general situation is the solitary

wave, given in eqgs. E1 - BE17. For small amplitude waves the cnoidal
wave in egs. F1 - F2o0 will approximate the sinusoidal wave in egs.
S1 - S17.

Further the formulas are given as non-dimensional quantities
and tabulated.

Tables to assist in numerical calculations with regular waves
have been in widely use for many years. For the waves here it may be
even more desirable with tables, because elliptic functions are in-
volved, But with the widespread use of handy computers the need for
tables is decreasing, though,

The celerity ¢ as given in eq. F7 is a correct second order

expression improved by a third order term which is only determined
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by the conditions at the surface of the second order wave. This third
order term is affected by second order rotation, as explained in
chapter IX. Por the table we have selected the situation with ir-
rotational waves. This makes the celerity of eq. Tlo a little dif-
ferent from eq. Flo, a difference of a few percent and of third order
magnitude. When this celerity becomes smaller than the sinusoidal
celerity, we have chosen the sinusoidal celerity. This is believed

to be more correct,

The deep water sinusoidal expressions for the celerity and
wave length, co= LO/T and LO= ng/2n9 are used ag reference gquanti-
ties in the table, which is felt practical for waves with a given
period T.

In the formulas for deep water waves, eqs. D4 - D19, the ver-
tical coordinate z, and the actual water depth y will be infinite,
but this gives no problemg as only y - z, the depth below the surface,

ig used,
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FMg. 1. Definition sketch.



250

NOTATION

c = L/T, the wave celerity.

Co = LO/T, the wave celerity for the sinusoidal deep water wave.

cn = Jacobian elliptic cosine function.

cosh = hyperbolic cosine function.

coth = 1/tanh = cosh/sinh

g = 9,8 meters/secondz, acceleration of gravity.

k = 2n/L

m = parameter of elliptic functions (= square of the modulus).

P = p(x,z,t), the water pressure at a point, excluding atmos-
pheric pressure from the air above the water.

r = gee eqgs. F7, E7, and S7.

sinh = hyperbolic sine function.

b = the time.

tanh = gsinh/cosh.,

u = u(x,z,t), horizontal particle velocity.

UL ot = see egs F19 and D19, horizontal particle velocity in a wave

with rotation of arbitrary second order magnitude.
= w(x,z,t), vertical particle velocity.

horizontal coordinate.

M=
]

=D+, actual water depth.

Z = vertical coordinate

= mean water depth.
= complete elliptic integral of the second kind.
EfluX = energy flux through a vertical with the mean water as
reference level
= the wave height.
complete elliptic integral of the Tfirst kind.

= the wave length,

i S ==
i

= g% T2, the deep wabter sinusoidal wave length.
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see eqgs. P8, D8, E8, and S8,
see eq. F9, R at the crest of the wave.

the wave period,

see eqs., F5, D5, and E5.

025 unit weight of water.

see egs. M9 and D19, arbitrary constant, not much bigger
than 1, to obtain second order magnitude rotation., For

5 = % the wave is irrotational.

y -~ D, surface elevation,

see eqs. 3, B3, and 53, the crest height above mean water
level,

see eqgs. P2, E2, and 82, the negative trough depth.

see eqgs. 7 and E17.

3.14159

v/g, unit mass of the water.,

see eqs F2o0 and F19.

gee eq., T20s, and Tlo, Au at the surface z = y.
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FORMULAS FOR THE CNOIDAL WAVE ON ARBITRARY DEPTH

n= HCHZZEK(X“C )+ e e
e
Ne= %(1~%—) (F3)

MK = T/‘BJE‘ICOM kD +—32'/3} =Toeath®kD oy

A= 3 Gk
k=<2l (v6)
R=r(1+ Hlanh5p5 1) .
Re=R  for h= (¥9)
C = g;tam R.(D+17)+9(e—4) (P10)

g ::D+~VZ (r11)
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u:@rzRf—%ﬁz‘% (12)
w:@%'%}HrgRCothRg]% (¥13)

poy-z+ &S0 L] 5—@+06[8Jcoihz[?y}

2

sh Ry ~coshRz . 1[0 cosn 2Ry - cosh 2R
cosm% ch Z+4K57V<Z)VZ Q] sinh*Ry Z} L)

Ox?

=4 K eno(1-cn®o)l-memen®®) s

gzg =84 K [m—1-202m—1 Nen’e+3mente) s

6= 4 (x-ct) (F17)
Frx = ¥Cr?+ §C Qia—%r@zﬁ?[coth@gw MR«T@]
S B <o

—~V2~g—§<—% Cofhzf?g} (718)
= nREGARE o8
Al = ¢ @) RPcoth RD[g%% - @19_} (v20)
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DEEP WATER LIMIT

D ~yoo; D/L —»oo kD —Ped

Eqs. P1, F2, E3, e, ®7, 11, F15, 6, F17 are unchanged.
The others will be

mi? = et o
520 (05
- (09)
c=\2+g(n—4) (12
5= cnr ey (p127
w= 2l frrlered (913
£ =gz £ -Ra - ngAli-e" )
Sy ngal-e)
“% =Db-Z+1n okz-y _|’T_“'H iLLek(z -y) _sz(z~(%>;4a

Fpae = W'+ 0C Q{—%?rf?(g@ 052‘2} ¢ D1®)

: SN2 _ B
(/Lmt - ,CVZ }Ner.(z_g) - é C (_g_) T-Z eV‘CZ Y) ¢ 19



SOLITARY WAVE LIMILT
L/D » oo

Eqs.

be neglected for H/D = 0.5.

n=H sech® {351
n.=0
Ne = H
m - {

L =

%=
o

X

6} =

— 5

F9, T11,

F12, F13,
eq. M4 for the pressure the last term (with cosh 2Rz) should

(x-ct) =

M9, P20 are unchanged. 1In

cosh

tanh-2})

B tanh RD+) + g4

Hy[H
QD

smlg@__
cosh“0

3

vh
D 2D

cosh*e

(X—ct)

- 445

iz -2
______2____.,.__)3,1m
cosh?e) D

The other equations will be

H“"?““
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(E1)

(E2)

(E3)

(E4)

(E5)

(E6)

(E7)

(E8)

(E1o)

(E15)

(E16)

(E17)
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SINUSOIDAL WAVE LIMLT

H L
Both § »o and ﬁiﬁ :
For m = o we have K = 5 and E = 59 and cn = cos. Egs. F5, F6, F11

are unchanged, but eqs. F18, F19, F2o0 contain second order terms

a )Eué o gives m % o, sse eqs. F4, D4 and E4,

that need not to be included in the considerations here.

n= HCOSZ%[(X-—LUM fzi = %COS QET(X“CO (51)
=% >
Qc: —g— (83)
MK =0 for £-0 A %(15)2——»0 (54)
r=2l=k (57)
R=r (58)

e =T tarr kD

U= chgﬁ%gg (512)
w=—cSY 2:% gg (513)
N 22 0% cosh Ry-coshRz
?“HZ+QR&X sinh Ry

=D-z+ N[1- tanh kD COSE{&}%;@OS??RZJ (s14)
%g —~§- sin k(x-ct) (s15)

% k?coS k(x—ct) :—rzk2 (516)

X

0
O = (X~ ct) | (817)
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TABLE FORMULAS

We will here prepare some of the formulas for the table., The
nondimensional quantities will be given as a function of the wave
steepness H/L and of D/L. It should be noted that the celerity used
in eq. T1o is for irrotational waves as found in appendix IV of

chapter IX, while the third order influence of rotation was neglect

i

ed in eq. Flo. Egs. F4, F5, will not be rewritten. The others will

in non-dimensional form be given as

= cn’o + £ N
= -1 -
#=m(i-&)
kL =29 N
o | (27)
RL=rL(j+1 tmhg(gm @ ’ s
- [4gF tarn R LB rartfR-f)

If this equation gives a value less than the sinusoidal, the sinus-

oidal value is chosen for the table,

Als _ %@Zm coth rL—% FLcoth FLTD - 7%] (1208)

e
%:_D_Jrfi , (111)
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Egqs. P12, P13, P14 can be changed in the same gay, when wanted
Eq. F16 is made dimensionless by considering ém% Le With ¢ /(gq)

determined from eg. Flo, eq. F18 will be ox

(Q) {“_tcmh Y"L(L %‘WLfiJE(%“) .

ez = < (]
{azzL L lcothRl7 - m@%@} i@?n)*”zilﬂg gi L}“

2

QL*E—COH’) RLE + )%~Qoih2RL%]—fLig g—QL COM%L%} (T18)

XZ

MM//”W%\\\mNM%MM%W mewwwww”//fmx\\mkm%m' Mwwwwj//ww\%%wa

H=3.67m U=4.7rm L= T0

wwW”WMWMW~MW%MWW“%wW

H= 312 0290 mw L= 90 m

B P e PR e P e el i R e

s, : s

e —_ N

H= 3,12 na D = 00 L=456

“Fig. 2. The wave with the period T = 10 seconds, congidered
in appendix I, propagating towards the coast.
The vertical scale is twice as big as the horizontal
scale.
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TABLE for PROGRESSIVE CNOIDAL WAVES
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TABLE for PROGRESSIVE CNOIDAL WAVES
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TABLE for PROGRESSIVE CNOIDAL WAVES
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APPENDIX T

NUMERICAL EXAMPLE
To show the practical use of the formulas and the table

a numerical example with a given wave on infinite deep water
is considered. The same wave is then followed as it approaches
the coast, until the breakerheight.
Let us consider a wave with the period T = 10 seconds and the
deep water wave height Ho = 3,12 meters., The sinusoidal deep water

wave length will then be
Lo=5%T% = 1.56-10% = 156 m (1)

We then get the sinusoidal deep water steepness

Ho — 3.12 _ —
PO = e 1L — o o
Lo 156 0.02= 2% (2)
For the sinusoidal deep water celerity we get
Lo - 156 - m
= =0 = =
Co= = 7 5.6 "sec, (3)

We now use the table with H/LO = 0,02, We see that for D/LO infinite
we have c/cO = 1.00, so that the cnoidal deep water celerity and wave
length are the same as the sinusoidal within the accuracy used here,
(We would get the same results using a third order sinusoidal theory

for the same wave here). We find 70/H = 0.52, 80 that we for the deep
water crest height Yo and trough depth N will get

Ne = 0.52-3.12 = 1,62 m (4)
Nel = 048+ 3.12 = 1.50 m (5)

From the table we get rL = 6.30, so that

r= 880 = 404407 - ©

We then get the horizontal particle velocities at the surface of the

crest and the trough from eq. D12.

Ueg = € //Zc = 756 * 1062 °404 ) 70—2 :7,02 m/se/c (7)
Usel = €Il 1 = 15.6- 1.50-4.04 107 = 0.95 "o @
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This wave has though got a second order ’backward® rotation. For an
irrotational wave we must chose & = 1/2 in eq. D19. At the surface

we get
dc (g—)z}”z =L 15.6 <3°272)2’(4/,O4° 7Of2)210,03 Mfsec ()

Then the particle velocities at the surface of an irrotational wave

will be

Uee = 102+ 0.03 =105 "V/eer (10)

IU,el = 0.95-0.03 = 0.92 ™M /scc. (1)

At the depth of 1o m below still water level, SWL, the corresponding

u for the irrotational wave will be
2 )~
Uesp = € e e 0T +Scy)rier o)

[Uesol = CWZJ e C10+Ind) — 56@2?28”“0‘*"%)
=095-071 =0.02 = 0.65 M/sec (13)

If the wave is wind made it will be with a ’foreward’ rotation,
which can be considered by using a bigger value of 6. Rotation will
not affect w and p 1in egs. D13 and D14,

Let us then consider the pressure below the crest by, eq. D14,
We have two equations to use. The first one is the assymptotic value
of eq. IM4. The last one is much easier to use and will obviously
give the wave pressure = o at infinite depth. The two equations are
the same except for third order differences. They both give p = o
at the surface z = y. Using the second equation for the pressure,
eq. D14a we find the pressure below the crest at the depth of lom
below SWL.

eky~z) = 6(27T/456)(*7O—7,62) -~ 0.63 (14)



2.75

£=10+162-0.63+7-3.12-0.02[0.63-0.63]
= 10+ 1.03 +0.01= 11.04 m (15)

It is obvious that the last term plays a minor roll. The wave pres-

sure above hydrostatic pressure from SWL will be

B = 1.04~10 = 1.04 m e

o]

Let us then use the first equation, eq D14 for the pressure,
At tne crest On/dx = o and cne = 1. From the table we get
K=1.67 and m = 0.12. Eq. F16 then gives

S& =-8&151.67°[012~1-2(2- 012 1) 1+ 3:0.12-1]
= —~0.0029 (17)

We then find the pressure below the crest at the depth of 10 m below
SWIL

- 15.62)[_ 1
B =10+ 1.62+ 45841 00020 7 57—

- 1.62 (-0.0029)][1-0.63]-%1.62 -0.0029)
[1-0.39] = 11.04 m (19)

We will now let this wave move ashore without loss of energy, so

that the transported energy will stay constant, or the mean energy
flux, given in the table, will stay constant. We see from the table
that as D/LO becomes smaller the energy flux will first become bigger
and then smaller. This means that firgt the wave height will decrease
and then increase, as also known from sinusoidal waves. For a given
depth, D, we find D/Lou Then we could interpolate to find the wvalue

of H/LO that has got the same value of Ef as the original deep

lux
water wave.,
But we find such an interpolation rather uncertain in deter-

mining H. So we will proceed in a different way shown in appendix II.
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We use

W‘: — E t%;fo (1 9)
g}tmx’ .

For a depth of D = 15.6 m we get D/LO= 15.6/156 = 0.1 , and then
from the table

H=Ho Bl = 3121433 = 312-094=2.92m

E}ULX (20)
When we get to a depth of D = 9 m, id.e. D/LO = 9/156 =
0.058, we have EfluX = EfluX o? so then H = HO = 3,12 m, From the
table we get ’
L =% =058
0 Co | (21)
%@‘2064‘- (22)
H _ _ 12
t-035=2 (23)
L= 7.80 (24)
@ = 6.2 (25)
We then get
L =0.58-156 =90m (26)
Ne = O.64-3.12 = 2,00 m (27)
o= 7‘8()._ ~1
50 0.087 m (28)

58k%r2 = 5-6.2-0.07070.087% = 139 m~' (@)

30 that for the crest we get

Re= r(1+4tanh 53k510.)=0.087(trLtanh(139-2.00)
= 0.104 ™" (30)
and for the trough

R.= 0087(1-+tanh 1.39-1.12)=0.071 m~! G
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If we follow the wave a little further we find that for
D= 4.6 mwe have H/D = 0.8. This means that here the wave can be
expected to break, As it can be seen on the figure the wave is gtill

far from being solitary in shape.

Fig. 3. The change of the wave profile for a cnoidal wave with the
constant period T = 10 seconds as it proceeds from infinite
depth to shallow water without loss of energy.
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After having considered this numerical example and after the
considerations in the previous chapters we may try to simplify some

of the expressions.

fod
i

éﬂ‘ﬁ?’é 45,,

N )
- We é siah F4
Oos f'mm_
2{ = 5? sinnhy .
FFT f/ p “ »"’/‘/‘/,«“ 7 P // T I I IR TR, %é(

Fig. 4. Simplified expressions in a cnocidal wave. The surface profile
(and H, L, and c¢) are determined by aid of the table. For
u, w , and p the simple well known Airy expressions are
used, substituting D with y (the actual water depth in-
stead of the mean water depth) and using r (from the table)
instead of k Dbelow the crest,

With many years of experience with the classical wave theori-
es it may be difficult for the engineer to change to this new theory
which he may not find so easy to foresee the results of in every de=-
tail. For this reason a combination of the Airy theory and the cnoidal
theory can be proposed as shown in fig. 4, This will also make the

formulas easier to use.
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The wave profile is taken to be cnoidal, while wu, w, and p
are found by the first order expressions discussed in chapter IV.
this will give good practical results, but hydrodynamically the ex-

pressions can only be claimed to be of first order.

i
i
s !’;%,f}u S R QAo

]
E Sim pié,fzjed, axprression
|

5. The simplified expression for the pressure used for the
extreme case of a golitary wave, H/D = 0.6, compared to
the expressions of chapter VIII and chapter IX,

Fig.
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APPENDIX II

PRACTICAL USE OF ENERGY FLUX
It will here be shown how to find the wave height at a given
depth from a given deep walter wave,

For the sinusoidal wave the mean energy flux is given by

1 2 2kD
Bequx =76 ¥ T o O+ o7 50p) (32)
so we see that
) = ¢ H2 £(D/L ) (33)
flux o)

where £ is a function,

For the cnoidal wave the situation may seem more complicated,
but investigating eq.T18 we see that we have the same simple relation
also here. PFurther we know from chapter IX that in the second order
theory the celerity does not depend on the wave height H. The little
(third order) dependence on H we have for ¢ in eq. F1o ig included
of special reasonsg, and will be negligible here,

So for the cnoidal wave we find

E. = H £(D/L) (34)

flux 0
So for two waves with the same preiod, but with different

wave heights H1 and stwe find at a given depth (same D/LO)

H1 N Eflux 1 (35)
5T\ E 5
2 flux,2

The table uses H/LO as the main parameter, so for a given
period (and then given LO) a wave of constant wave height, Ho,is con-
sidered all over the page. At the given depth D@%&D/LO) the table
gives Eflux for the wave with the wave height HO, but we want to
find the unknown wave height H for the wave that has the known
o From eq. 35 we see that we simply get

Ji Efluxzo (36)
H "YE
flux

[¢]

Eflux,o



CONCLUSION

Given : T and HO at infinite depth.
Wanted ¢ H at given D.
Calculate : Lo’ HO/L09 D/LOo
Use the table for HO/LO and D/Lo to find E
Use eg. 36.

Change to the table for H/Loa

Given : T, H, and D.
Wanted HO at infinite depth.

Calculate : Lo, H/LO, D/LO

Use the table for H/LO and D/LO to find EfluX
Use eq. 36.

Change to the table for Ho/Lo°

Given : T, H19 and D1s

Wanted : H2 at given Dgo

Calculate LO, H1/Lo’ D1/Lo°

Use the table for H1/Lo and Dq/Lo«to find Eflu

Use the table for H1/Lo and DZ/Lo to find Eflu

Use eqg. 36 (with substitution of indices).

Change to the table for Hg/Lo°

and to find

flux

and to find E

x,1°

x,2°

hflux,o

flux,o’

°
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APPENDIX III

THEORETICAL TEST OF THE DEEP WATER CNOLDAL WAVE
It is shown that the final formulas given for the progressive
cnoidal wave on infinite depth fulfil all the hydrodynamic conditions

within at least gecond order approximation.

INTRODUCTION

It may in some cases be difficult to see that the described
procedure for finding wave solutions gives correct results. So let
us first be convinced that the final cnoidal solutions to Ws U, W,
and p fulfil the hydrodynamic conditions for an ideal fluid to the
second order of approximation. We will examine the kinematics at
infinite depth, the boundary conditions at the surface, the equation
of continuity, the mass transport, the dynamic equations, and the
rotation. We will use the expressions given in this chapter., This
means that =z = o 1is at the bottom at infinite depth (and not at
the mean water level, as used in chapter VI). It should be noted
that it is not necessary to examine e.g. the rotation when the other

conditions are fulfilled.

AT INFINITE DEPTH

For finite depth we would demand the vertical velocity at the
bottom to be w = o. For the waves here we want w +to vanish at infin-
ite depth. This is also seen to be the case from eq. D13. We see from
eqg. D12 that u will also vanish. We also want the wave pressure to

vanish, This is also easily seen from eq. Dl4a.

THE KINEMATIC SURFACE CONDITION
From eq. F1 we get

%?:“ﬁ% (37)

which is known from any progressive wave. For the surface, 2z = YV,

the horizontal particle velocity from eq. D12 will be

Us= U= CcnI” (38)
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Eg. D13 gives the vertical particle velocity at the surface,

Z =y, as

W = W::*Cg)‘gz“*‘&m’”(%?:%?*%g“ (39)

This shows that a particle on the surface stays on the surface. It
should be noted that this condition is fulfilled exactly, degpite it
needed only to be fulfilled to the second order of approximation like

for the Stokes?® wave.

THE DYNAMIC SURFACE CONDITION

At the surface of water without surface tension we have only
atmospheric pressure, so that the pressure from the water is P = 0.

From eq. D14 we see that for g =y we get exactly p = o.

THE MASS TRANSPORT

The mean water level ig determined so that

]OLOO& =0 (40)

This condition was used to determine N and 2 in egs. F2 and F3,

The water discharge through a vertical will be
y Y .
q:fudz :fmgr@”z Pz 267 (41)
. 0 0

where we used eq. D12, with 2z = o at infinite depth. The resulting

mass transport is then

j:gdt = /chdt ::frzdx =0 (42)

as wanted in a pure wave.
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THE EQUATION OF CONTINUITY
From eq. D12 we get

bu“ ‘ﬁz "Z‘Q }remz (43)

and from eqg. D13

Do - r(z-Y)

oz C(};?[ MQF] re (44)
so that we get

U |, Ow

ox Foz =0 (45)

which means that the equation of continuity is fulfilled exactly.

VERTICAL DYNAMIC EQUATION

So far we have fulfilled the conditions exactly.From now we
will be content with an approximate fulfillment, so that we will
neglect terms that are small of third and higher order in H/L or

the equivalent rH., From eq. D14 we get

o 59@{[()? -l %xQﬂ ey

N [@_ﬁ)i %_i@} ,ﬁezww} )

Eq. D13 and D12 give, neglecting third and higher order terms

¥ =— Byl g r]er=Y )

2 —
g\;((/ - V(@ rezr(z Y) o)
\x/%"—“ (g—g) 1”62”2“” (49)

From this we get

90— — -3+ ug¥+ w3¥|

so that the vertical dynamic equation for a frictionless fluid is

(50)

fulfilled to the second order of approximation,
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HORIZONTAL DYNAMIC EQUATION

r from eq. F7 can with eq. D4 be written as
2 _ é’KZO_*m) _ %Kzig[gﬂ_
V2 oL

. 2 . . . .
This means that when r~ is combined with a second order expression,

(51)

the last term in r2 will give a third order term, so in a second

order theory we have

%gr?rzm am{? %K (52)
20 in eqg. F3 can be expanded in powers of m to give
Fle = 2’(7+-%Q+) (53)

This is used together with eqs. F1 and D4 in eq. F16 to give

& =g 8 K+ 20n6]-8 BT i-4erfo+3ente)

- -—fé-ki? 4 second order terms | (54)
21

From this we get, with second order approximation, using eq. 52,

3 3R =-Spn b=~ =

3o for the next couple of pages it is important to remember from

eq. D4 that mK2 can be substituted by W3<H/L>, which makes e.g.

(H/L)ng2 of third order magnitude and thereby negligible.

By further differentiation we would find from mathematics

3 f
S 0=— S K 1~ 2m + Sm o' o

so that to the second order we have

Qléi Od 1%( }?ﬁr‘ (57)
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We then find with second order approximation using eqs. F1,

F7, and 56

e ordg gl v
+__ﬂ bllcn?e- }@)&g] 15K 55)?7 16}((1 VZVI> =¥

(58)

where in the second term % and r from egs. F3 and F7 were expanded
in series of m and then mK2 was substituted by RB(H/L) through
eq. D4, and third and higher order terms in H/L neglected.,

We can congider r from eq. F7 a moment again,

_ = 4K mK
e A e e

(59)

With K from eq. 32 we get
_ 2T Zﬂ’<m )u MK, :
- L+ [ 4"4‘ r + (60)

This value for r was substituted into the second term in eg. 58.

We then find, using ¢ from eg. Dlo

9%-«-cﬁ%@i+év%w]z
X? (H?C )@? J (61

) 6@
2/9x" 5
egs. 51 and 53. In the second term the coefficient of c¢° was substi-

because (QC would give only third order terms as seen Trom

tuted by gkr, as found from the left gide of eq. 58.

From eq. D14 we get, neglecting third and higher order terms

IR NN
% e, ZGNZ'W +%[%ézg%/zz_L“Q%j%]ﬁ__ézr(&gﬁ(@)
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Egs. D12 and D13 give, neglecting third and higher order terms

=t rerey) (63)
uGd = 24 e EY (64)
w3k =—cnggrie ey &

Eqs., 62, 63, 64, and 65 can be combined, and second order terms sub-

stituted by eqgs. 55 and 57, gso that we get

l@%# 9+5“+~ u% =
o e 07@? *‘6%‘? M]
A ring 4 e -0

where we used egs. 61 and 58. Eq, 66 says that the horizontal dynamic

equation is fulfilled to the second order of approximation.

ROTATION
The complete elliptic integral K can be expanded in powers

of m asg
i
K= K(VV?) H+ 44 ] (67)
We then get, using eq. D4
3 3 3
3T {1m J h(ﬂj) M TP B
=Bl ] = S A e
(68)
From egs. D12 and D13 we find the rotation

=348 = cfqriv S5y rjer=y

(69)




288

Using eqs. 53, 54, F7, and F15 we find
Q :C{H(Cn28~%+%l) 14&%1»—@”}« SK;H(W;%
~2(2m—1)cn?e + 3m cﬂ“@)ﬁfj@%zr
FZ%%ZWZ‘*%) der(zww (70)

Using eqs. D4 and 68 this will after a few calculations reduce to
2=~C %ﬂzeﬂz“w (71)

For an ideal fluid we must demand the rotation for a particle

to be constant in time. This is also found by eq. 35 to the second
order of approximation.

This rotation may not be as the wanted. Then the rotation
can be changed to any second order magnitude with the same exponent-
ial distribution simply by using eq. D19 with the arbitrary constant
6 1instead of eq. D12. Such a change in u will not make any changes
of second order magnitude in any of the previous considerations. To
get an irrotational wave, e.g., we chose & = 1/2 in egq. D19, In
chapter VI the description of waves with rotation of first order

magnitude and with a more arbitrary distribution is included.




	NMJthesis 1
	NMJthesis 10
	NMJthesis 11
	NMJthesis 12
	NMJthesis 13
	NMJthesis 14
	NMJthesis 15
	NMJthesis 16
	NMJthesis 17
	NMJthesis 18
	NMJthesis 19
	NMJthesis 2
	NMJthesis 20
	NMJthesis 21
	NMJthesis 22
	NMJthesis 23
	NMJthesis 3
	NMJthesis 4
	NMJthesis 5
	NMJthesis 6
	NMJthesis 7
	NMJthesis 8
	NMJthesis 9

